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Abstract

In this paper, external bifurcations of heterodimensional cycles connecting

»

three saddle points with one orbit flip, in the shape of “co”, are studied in
three-dimensional vector field. We construct a poincaré return map between
returning points in a transverse section by establishing a locally active coor-
dinate system in the tubular neighborhood of unperturbed double heterodi-
mensional cycles, through which the bifurcation equations are obtained un-
der different conditions. Near the double heterodimensional cycles, the au-
thors prove the preservation of “co”-shape double heterodimensional cycles
and the existence of the second and third shape heterodimensional cycle and
a large 1-heteroclinic cycle connecting with p, and p,. The coexistence of

«

a 1-fold large 1-heteroclinic cycle and the “co”-shape double heterodimen-
sional cycles and the coexistence conditions are also given in the parameter

space.

Keywords

Double Heteroclinic Loops, Orbit Flip, Heteroclinic Bifurcation, Bifurcation
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1. Introduction

In recent years, bifurcation theory has been widely concerned due to its impor-

tance in practical applications (see [1] [2] [3] [4]) and in the study of traveling

wave solutions for nonlinear partial differential equations. For example, in 2018,

Zilburg and Rosenau [5] studied the qualitative properties of solitons of a dKdV

equation,

d,u+0, (uou)+u*=0.

(1.1)

Then Zhang [6] analyzed (1.1) in the idea of bifurcation theory of dynamical
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system. Roughly to speak, he first set the variable transform
u(x,t)=¢(x—ct)=¢(&) to make system (1.1) be

o' +(9(e) +4°) =0 (12)
then integrated (1.2) and got

~Ch+Pp + 4P+ 9" =g, (1.3)

where g is the integral constant, and system (1.3) is equivalent to the following

regular plane system with d& = g¢dr
d¢ _

y¢’
37 (1.4)
=arep-gy -4
T
Clearly the Hamiltonian of system (1.4) is
1 1 1
H (¢, y):Ey2¢z—g¢—Ec¢2+§¢3 =h. (1.5)

From H (¢, y)|Sl = h;, a heteroclinic orbit is found as
2h, +2g¢+cg’ —§¢3
2

for g=0,c>0, and the existing condition is given in some circumstances on

y

two sides of the nonresonant heteroclinic bifurcation.

In fact, different kinds of high co-dimensional homoclinic or heteroclinic bi-
furcations have been discussed extensively. [7] described a phenomenon that
occurred in the bifurcation theory of one-parameter families of diffeomorphisms.
If all the equilibrium points of the orbit have the same dimension number of the
stable manifold, the heteroclinic cycle is named as an equidimensional loop,
otherwise, a heterodimensional. However, since different equilibrium points in
n-dimensional systems do not necessarily have stable manifolds of the same di-
mension, the problem of heterodimensional loop is more general and practical
than that of equidimensionals. Jens D.M in [8] considered a self-organized peri-
odic replication process of travelling pulses which has been observed in reac-
tion-Cdiffusion equations, and studied homoclinic orbits near codimension-1
and -2 heteroclinic cycles between an equilibrium and a periodic orbit for ordi-
nary differential equations in three or higher dimensions. Bykov analyzed the
bifurcations of systems close to systems having contours composed of separa-
trices of a pair of saddle points (see [9]). [10] studied the bifurcations of hetero-
dimensional cycles with the connection of two hyperbolic saddle points and
strong inclination flip in a four-dimensional system, they presented the condi-
tions for the existence, coexistence and noncoexistence of the heterodimensional
orbit, homoclinic orbit and periodic orbit, as well as the co-existence of hetero-
dimensional orbit and homoclinic orbit and obtained some new features from

the inclination flip in some bifurcation surfaces. Xu and Lu discussed heterodi-
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mensional loop bifurcation with orbit flip and inclination flip respectively in [11]
[12] [13], and got the coexistence region of coexisting loop and periodic orbit.
Meanwhile, they also constructed an example to provide a good reference for
their main bifurcation problems. Specially, Liu’s team fabricated a model of he-
terodimensional cycles to verify their main bifurcation results (see [14] [15] [16]
[17]).

However in the study of systems with homoclinic loop or heteroclinic loop,
few scholars focused on double heteroclinic bifurcation of three saddle points.
We only found that [18] considered the bifurcation problem of rough heteroc-

«

linic loops connecting three saddle points, but not a “co”-type, for a high-
er-dimensional system and [19] concerned “eo”-type double homoclinic loops,
but not heteroclinic loops, with resonance characteristic roots in the common
case and in a four-dimensional system to obtain the complete bifurcation dia-
gram under different conditions. In this paper, we consider the bifurcation
problem of double heteroclinic loops of co-type connecting three saddle points
with four orbits. In addition, we also give an example model to demonstrate the
existence of the bifurcation results.

It’s worth noting that, in the previous studies about homoclinic and heteroc-
linic loop bifurcations, few scholars focused on double heterodimensional cycles
bifurcations of three saddle points. Jin and Zhu [18] considered the bifurcation
problem of rough heteroclinic loop connecting three saddle points in a high-
er-dimensional system, but the loop is not a “eo”-type. [20] [21] [22] [23] dis-
cussed the heteroclinic loops with two saddle points, but the loops are not hete-
rodimensional cycles. Lu and Liu et al [10] [11] [13] studied the heterodimen-
sional cycle, but the cycle is also neither a “co”-type nor double. Jin et al [19] [24]
considered “eo”-type double homoclinic loops, but the loops are not heteroclinic
or do not connect with three saddle points. Since heterodimensional or heteroc-
linic cycles are very normal and have applications in solitary wave problems and
biology systems, see Kalyan Manna ef al [25] for example, and also for the com-
pleteness of theoretical research of heteroclinic bifurcation, in this paper, we fo-
cus on the double heterodimensional cycles in eo-type with three saddle points.

The rest of the paper is structured as follows. In Section 2, through establish-
ing a local moving frame system near the unperturbed heterodimensional cycle
to obtain the Poincaré map and the successor function, we induce the bifurca-
tion equations by using the implicit function theorem. Section 3 will show the
bifurcation results on different parameter regions by analyzing the bifurcation
equation.

The C" system to be studied is

Z="1(z2)+9(z,u), (1.6)

where ZeRs,,ueR',I>4,|,u|<<1,f,g eC",r>4. Specially, when =0, the

unperturbed system associated with (1.6) is
Z=1(z2). (1.7)

satisfies the following hypotheses.
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(H.) (Hyperbolic) 7= p; (i =1 2,3) are hyperbolic critical points of (1.7) such
that g(p,,#)=9(p;,0)=0 forall and dim(W;)=dim(W, )=dim(W,')=2
where 0 means a zero vector. In addition, the linearization matrix D, f(p,)
has a simple real eigenvalues: —p],—p, A (1=1,3),-p;, 4, 4; satisfying

—pl <=p <0< A, =pp <0< Ly <

Throughout the paper we assume that system (1.7) is of at least C* uniformly
linearizable. What’s more, there is a small neighborhood U, (i=1,2,3) of the
equilibrium p; and a c? diffeomorphism depending on the parameter in
C® manner, then we can use successively straightening transformations in-
cluding the straightening of some orbit segments such that system (1.7) has the
following C* normalin Uj:as z :(X, y,v)* eV,,i=13

(v)(O(x)+0(v)), (1.8)

y=[-p}(u)+o(1)]y. (L9)
u :[ﬂ;(y)+o 1)]u +0(x)(0(x)+0(y)),

where k>r—2, the sign “*” stands for transposition. For ||u|| sufficiently
small, where A'(u)=4", pi(u)=pi, p’(u)=p(i=13), AL(u)=4,
X (#)=2;, py(u)=p; is the corresponding eigenvalues of the linearization
matrix of perturbed system (1.6).

(H,) (non-degeneration) System (1.7) has a double heterodimensional cycles
=1 (OUr ()Urs () Uy, (t), where T, ={z=y(t):teR},
7/1(+OO) =n (_OO) =P 71(+°°) =72 (_OO) =73 (_OO) =7a (+°O) =Py
75 (30) = 74 () = . and

dim (T, W T, W) =1 dim(T, W) NT, W) =1,

72(t)

dim(T

LW T W ) =1, dim (T, Wy T, W) =1
Here y,(t) represents the flow of system (17), teR and by T,M we denote
the tangent space of the manifold A at q.
(H3) (Orbit flip) Let ¢ = lim 7, (~t) /|7 ()|, then
e eT, W' e, €T, W, e T W,
e .6 T, W, e eT W’ e eT, W/,

where €,e’ (i :l,2,3) are unit eigenvectors corresponding to i,l and
pi(i=1,2,3) respectively. Furthermore they satisfy the equation e =-e,,
e, =—€, (for details see [19]).

Here, €, and €, are the unit eigenvectors corresponding to A, and —p’
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which responds T', enters the equilibrium p, along the strong stable mani-
fold W® (as t — +oo, enters the equailibruium p, along the unstable mani-
fold W," (as t— —o), that is, from [17], the heteroclinic orbit ', has orbits
flips when t — 4o (see Figure 1).

(Hy) (Strong inclination)

limT W =spanie e 5}, JimT, oW =span{e],e, };

{
limT, W, =span{e, |, JimT, Ws—span{ez}
{

tor0 72(

limT_ W”_spane} limT, )WS_span{e3}

to+0 /!

limT ()W” _span{e4,e3} lI_|>rirchm(t)W2s :span{e4,e3‘}.

[

Remark 1.1. Under the assumption H,, p, and p, have a 1-dimensional
unstable manifold and a 2-dimensional stable manifold, while p, has a
2-dimensional unstable manifold and a 1-dimensional stable manifold, hence
I" is double heterodimensional cycles.

Remark 1.2. Hypothesis (Hs) shows that W, and W, have strong inclina-
tion property. Due to the assumption (H,), p, has a 2-dimensional unstable ma-
nifold, p, has a2-dimensional stable manifold, and dlm( HoWs NT, (th) 1,
we can know the codimension of the heteroclinic orbit T', is0. Then the orbits

I', is transversal, that is, they can be preserved even under small perturbations.

2. Local Coordinates and Bifurcation Equations

In this section, we need first to take fundamental solutions of linear variational
Equation (see Equation (1.6) as below) and use them as an active coordinate
system along the heteroclinic orbits. Then using the new coordinates, we con-
struct the global map spanned by the flow of (1.6) between the sections along the
orbits. Next, we set up local maps near equilibriums. Finally the whole Poincaré
map can be obtained by composing these maps. The implicit function theorem
reveals the bifurcation equation.

By the stable and unstable manifolds theorem and up to two local linear trans-

formations, we see that there are three open neighborhoods U; of p; =(0,0, O)*

Figure 1. Double heterodimensional cycles of three saddle points p, with four orbits

J/k(t)'
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such that p, have C'" local manifolds W]
are expressed as below: for j=1,3,

W, { ~ () eU, |(y,v)=(y,v)(x>,<y,v)<0)=o,6(y'v)(o>=o},

e and W5 (1=1,2,3) which

] loc =

f—/%

(x,y,v) er |x=x(y,v),x(0,0)=0,a

%y

e
Wi = {20 <0, 00) = (x0) 0 (10)(0) =0 222 0)<of.
©AO) i
2072 0)

,3,4) is large

Wy'oe = { (x,y,u) €U, |y=y(xu),y(0,0)=0,

(o, 0)=o}

Let the coordinate expression of 7, (t) be y,(t)= ( (), 7
the small neighborhood U; of p;, (i=13),and y,(t)= ( < (1),
in the small neighborhood U, of p,. Since T, >0(k=12
enough so that 7, (-T,),7,(T,)eVU;, 7;(T;). 7, (-T,) eVUs,
}/1(T)}/2(T)}/3(T)74(T)€U2 and for k=134, 5 (-T,)= (500)
7,(-T,)=(~6,0,0) , for k=34, 7,(T,)=(0,6,0), r(T,)=(0,0,5),
r,(T,)=(0,-6,0), where & >0 is small enough.

Now we take into account the linearly variational system and its correspond-
ing adjoint system of (1.7) formed respectively by: let A, (t)=Df (, (t)),

2=A(t)z (2.1)

and

p=-A(t) ¢ (2.2)

Based on the above hypotheses about system (1.7), system (2.1) has exponen-
tial dichotomies in R™ and R™ (see [12]). We can obtain the following prop-
erties.

Lemma 2.1. System (2.1) has the fundamental solution matrices
Z,(t)=(z (1), z¢ (1), 2 (1)) (k =1.2,3,4)
which satisty, respectively, for k =14

2 (1),2 (1) (T, T (1)

(0= (0] (T T, W T, W2

that is
0 w' 0 w0 W
Z(-T)=|0 0 1| Z(T)=|w? (-1)° w? (2.3)
1 0 0 wWe 0w
kl Wlfl i2 .1 . u u
where W, = W ¢0,|Wk W, |<<1,|:1,3,w4 =W},
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And for k=2,3
C
Zi (t) € (T}/k (t)W2 ) ﬂTVk (t)Wk—(—l)k !
Z (t) = (t)/|7k (_Tk )| ETVk(t)qu mTVk(t)Wks—(—l)k '

3 u ¢
2 () €T, W ﬂ(TYk(t)WkS—(—l)k) '

that is,
0 w' 0
Z(-T)=|w?> o0 1
1 0 w
1 0w
Z,(T,)=|w? 0 1 (2.4)
0 1 0
1 0 0
Z,(T;)=| 0 w® w
w? 0 1

where W' <0, W # 0,|V\é2 -W§l| < 1,|\I\é3 W§2| <1, LW:3 (wt )_1l<< LW, =W,

In what follows, we select (Zk2 ('[),Zk2 ('[),Zk3 (t) (k =123, ) as a new local
coordinate system along T', . Let 6, (t)=(d(t).4,(t).4(t))= (Z'1 (t)) be the
fundamental solution matrix of (2.2). By the [1, ?], we can know that the ¢ (t)
is bounded and tends to zero exponentially as t — oo,

Take a coordinate transformation
z(t)=h (t)=r () +Z, ()N (t),te[-T,, T ].0< e < 6. (2.5)

in a small neighborhood of T, , where N, (t) = (ni (t),O, n; (t))* k=1,234,
and n(t),n;(t) represents the coordinate decomposition of (1.6) in the new
local coordinate system corresponding to Z; (t) and Z}(t), Then we can take
eight transverse sections vertical to the tangency T to each orbit z, (t)

(see Figure 2)

0= (=R (T ly o1 Jv-o <)
2= (2=, ()~ y-olJu o] <<,

Figure 2. The cross-section and Poincaré map.
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{Z: hy (=T,): |||y = 6], Ju~ 5|<5}
Z{ZZ hy (=T, ) :[x|.[y =], v~ 5|<‘9}'
={2= hy (T,): [x =], ~y].Ju—o] < &},
;={z2=h,(T,):[x=o|.ly-o|.M <},

S; ={z=h,(T,):|x=3].|y|.|v—-0]| < &},
Sy ={z=h,(T,):|x=5.|y|.Ju-35| <&}
In order to obtain the corresponding bifurcation equation, we need to restrict

our attention to set up the Poincaré return map of system (1.6). Firstly, we find

the relationship between the old coordinates

ae (X v T ) gy (. v). @)
and new coordinates

@ (0n). a(nont)

where k=2,3,j=14, Uf = uf; k=14,j=2,3 Uko =Vf . Then, combining with
the Equations (2.3), (2.4), we obtain for k =1,4

01

nk =Vy
k = Yk (2.6)
X =6
and
e = wit (W —wtay )
e =wt (wiley -wixg ) (2.7)
Y = 5+W;1(lews3 WSZWB)Xk +W ( St — W, ) x5
for k=2,3
nl((),l — ul(() W33 0
ned = yy —wu ° (2.8)
X =(-1)"s
and

1 _ 1 1,1 321
nmt=x —wotys [t =g - wityy

13 _ 1 2.1 3

N =y, =W X, 4 ng° = Vg — WX (2.9)
1 1

v, =6 Ys =

Then, under transformation (2.5), system (1.6) has the following form by
7(t)=f(r(t)) and Z,(t)=Df (y(1))Z,(t)
Ny (t)=6; (t)a, (7 (t).0) u+hot, (2.10)

where g, is the partial derivation of g (Z, ,u) with respect to . To integrate
(2.10), we get
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Ny (Te) = N (=T, +_|-T:kt9 )9, (7 (t),0) udt +hot.
AN ( T, )+MJu+hot.

(2.11)

where Mkj (,u) = J._;k ij* (t) g, (yk (t),O),udt (J =1,3k=123, 4) are called
Melnikov vectors respect to 1 .

Which are defined as the global maps F':S] —S; (k=1,2,3,4) with the
expression by (2.11) given

At =n + M} u+hot.,

=13
nk

(2.12)
=n*+MJu+hot.

as follows
R (n90,0,09%) = (4,0,

Next we consider the local maps,

FligeS; g eS), K iqeS oo esy,
FligleSimqles!, Fl:iqieSiqles?
induced by flows confined in the neighborhood U, (i=1,2,3).

Let 7,7, be the time spent from ¢ to @’ and from @; to Q) respec-
tively, corresponding their Shilnikov time s, = e AW S, = e AW Let T,,7T,
be the time spent from ¢ to Q) and from ¢ to @Y, then their Shilnikov
time are S, = g2l (k=2,4).

Then under the assumptions among the eigenvalues, by the normal forms

(1.8)-(1.9), and the formula of variation of constants, we obtain the local maps:

qz(xzaYerz)esl'_)ch <X1 y17 )GSO
Aw) p2(u) (2.13)
! )

X =X(T,)~ xfs{’l(”), v, =y(T,+7)~ Y5, W =v(T, +r2)zv§sl”1l(”).

gy (4, yi.up) € St > a8 (%5, y5,u5 ) € 5
o 2 (1) (2.14)

1 1

X = X(Tl)z XSSZ, yg = y(Tl—i-z'z)z yllsz/l%' u =u(T2)zu§s;"%(“).

Ry oz (6. v2. v ) € S @ (0, Y5, v5 ) € 5%
A(s) p(x) (2.15)
1

xézx(T3)zx253f’3(“), Vo =Y(To+75)~ V385, Ve =V(Ty+75)~ Vs

._.

w
S
=

Q4(X4!y4v )ESlqu(Xz,yz, )ESO

P3(1) (1) (2.16)
Xt =x(T,) 2 0s,, yo=y(T,+7,)~ yis{2¥, i =u(T,)~uds2"

Thus, by (2.6), (2.12) (2.13), we obtain the first Poincaré map
F=Feo Flo :S; > S, as follows

{ﬁll M,z +hot.

=M} u+hot;

(2.17)

by (2.8), (2.12), (2.14), we obtain the Poincaré map F,=F, oF.:S > S} as
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follows

{ﬁ;l =Ug + W 52 + Mau +hot. 2.18)

m° =wiug + 02 + M3 u+hot.
by (2.8), (2.12), (2.15), we obtain the Poincaré map F,=F/oF :S;1>S; as
follows

{ﬁj’l ~Mlu+hot. (.19)

=13 _

n° =M;u+hot.

by (2.6), (2.12), (2.16), we obtain the Poincaré map F,=F, oF):S; > S} as
follows
mt =ud —wW’Ss/? + Miu+hot. (2.20)
m? =082 —wPud + M2 +hot.
Then, by (2.7), (2.9), (2.17), (2.18), (2.19), (2.20), we induce the successor func-
tions
G =(G,,G,.6,)=G(G},G},G;,G5,G;},G;,G;,G;)
=G(5,,5,,55,5,,Uf U5, V1, V; )
= (F(0}) -\ Fu (o)~ b, Fy (c8) — ai, Fo () - a3 )

where
%
Gl =w'wB5s2 +wwuls, + M+ hot.;
3
G? =w W uls, +w, W3Ss? + M2y +hot.
G; = Ul —W2’Ss? +wity: + MIu+hot.;
G: =6sf —wul —yi + M2 u+hot.
G; =uf +W2Ss? +wivi + Miu+hot.;
Gy =W5Ug + 3852 —V; + M3 +hot.
3
Gl =w;'wW5s? +w; W uls, + M1y +hot.;
%
G2 = —w'W'uls, + W, WSs2 + M2y +hot.
By the implicit function theorem, solving the equation (G;,Gf ,Gi,G; ) =0, we
have
u = (WS1 —w§3)§sf2 ~WS'MZu—-Miu+hot
y; =08 —wWPMju—M3u+hot.
ug = —(w5? +w5® ) 5sf? —wePM3 i —Mju+hot.
V3 =585 —Wi’Mj+ M3 +hot.
Substituting them into (Gi ,G2,G}, Gf) =0, we obtain the bifurcation equations,
for W #0,W>° #0,w,;” = 0,w° #0
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w2ss2 —wls, (w§1M§y+ M%y)+ w,M}u+hot.

W3Ss /2 +Wy's, (W5IM 3 u+ M)+ WM +hot. o)

%

w2ss —wls, (w§2M§y+ M;y)+ WMz +hot.
3

Wisé'Sz)é -w's, <W332M33,u+ M;lu)+ w,M 2 +hot.

Remark 2.1. In fact, M| is independent of the choice of T, for
i=1,2,3,4, =13, which can be verified similarly as in [13]

Remark 2.2. Generally, in two-dimensional plane system, when we study bi-
furcations of singular cycle, Poincaré mapping can only be established on one
side of the singular cycle. Therefore, there are no other types of orbits except the
one with infinite approaching to saddle point on the left side of p, and the
right side of p,. However, in high-dimensional system, it remains to be verified
whether other types of orbits can bypass different surfaces for connection. To
make the study go on, we assume that S, =S, =0, that Is, the orbit starting from
Sy to S just be a singular orbit which is infinitely approaching p, when
t — oo ; for the orbit starting from S, to Sy is similar near p;.

Remark 2.3. Basing on remark 2.2, it can be seen that (2.13) and (2.14) be-
come F:q} (0, yé,é') €S, 0/ (5,0,0)eS] and
F:05(0,6,v;) S0} (8,0,0) €S,

Remark 2.4. Shilnikov variables were introduced by Shilnikov in 1968 to
compute the local transition map near equilibria to leading order. Instead of
solving an initial-value problem, solutions near the equilibrium are found using

an appropriate boundary-value problem.

3. Heterodimensional Cycle Bifurcation of “c0” Type

In this section, we analyze the bifurcation of system (1.6) under hypotheses
(A1)-(As). The existence of “co”-shape double heterodimensional cycles, the he-
teroclinic cycle composed of three orbits and connecting with three saddle
points, and large 1-heteroclinic connecting with p, and p, are studied by
discussing the corresponding bifurcation equation. Clearly if s, =s, =0 the
double heterodimensional cycle (“c0”) of system (1.6) is persistent; if s, =0,
s, >0, system (1.6) has a heterodimensional cycle consisting of two saddles of
(1.2) type and one saddle of (2.1) type composed of one big orbit linking p,, p,
and two orbits linking p,,p, and p,,p, respectively, which is called the
second shape heterodimensional cycle in later of this paper; if s, =0, s, >0,
system (1.6) has another heterodimensional cycle consisting of two saddles of
(2.1) type and one saddle of (1.2) type composed of one big orbit linking p,, p,
and two orbits linking p,,p, and p,, p, respectively, which is called another
second shape heterodimensional cycle in later of this paper; if s, >0 and

s, >0, system (1.6) has the large 1-heteroclinic cycle consisting of two saddles
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p, and p, of (2.1) type composed with two big orbits linking p,, p, and
P, P, respectively. What is noteworthy is that if the conditions make s, >0
untenable and set s, =0 tenable, the conditions make s, >0 untenable and
s, =0 tenable, system (1.6) has the third heterodimensional cycle consisting of
one saddle p, of (2.1) type and one saddle p, of (1.2) type and composed of
one orbit starting from p, to p, and another orbit starting from p, to p,
under the assumption (H,). So in the following, we need to consider solutions

s, and s, of the bifurcation Equation (2.21).

3.1. Analysis Procedure

Corresponding results about the existence of the second heterodimensional cycle,
the third heterodimensional cycle and large-1 heteroclinic cycle, as well as the
coexistence of double heterodimensional cycle and the large 1-heteroclinic cycle
are contained in the next theorems. For convenience to discuss, we set eight re-
gions:

| W (WM g+ Mia) > 0,wM e < 0},

,U|W131( SPM3u+Map) < 0,w M, < 0,

f={u
{ | (W3 M3 g+ M) > 0, w M 1 > 0}
‘=
-

£ (WM 3+ M) < 0, WMz > Of

|
|
>0,W, 4ﬂ<o},
|
|

:{,u|w§l(w3 ,u+M2,u)
={u| Wi (WM g2+ My ) > 0,w, M > 0},
{/J|Wil( 2,u+|\/|z,u)<0W4 a1 <0y,

© = { W (WM 3+ M) < 0,w,M e > 0}

From the discussion of Theorem 1, if one of s, and s, is 0, the second he-
terodimensional cycle will appear. And if s, >0, s, >0, a large 1-heteroclinic
cycle connecting with p, and p, will exist. As well as, if there are conditions
that make s, >0 be invalid and s, =0 or s, >0 be invalid and s, =0, the
third heterodimensional cycle will arise. Therefore it is enough to discuss the
solutions s;(i=2,4) of the Equation (2.21).

Since the first two equations of Equation (2.11) have the same structure as the

last two, we only analyze the first and second equations as following

wiss/ —wils, (W§1M§y+ M%y)+W4Mi,u+ hot.=0 o

WESs2 +wils, (ngijJr M;,u)+W4M43,u+ hot.=0

2
Set o= i , rewrite the first Equation of (3.1) as

Wi (WM S+ M) s, = WM i = Wi5sg +hot. 2 L (s, 1)~ N (s,, 1) =0, (3.2)
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where

L (54 2) = W," (W' M3+ Mjpe)s, —W,Mjpt, N (s,, 1) = W;5s; +hot.

Then we have
L(0,)—-N(0, 1) = -w,M;u+hot.,

LS, (840 2) =N, (84, 1) = 31(W31 2y+M§y)—vvf3a5sj“l+h.o.t..

Sy

If (W?)ilwfl(wglMg,u-k M;,u)>0,the equation L (s,,2)—N{ (s,,4)=0 has
1
a unique small positive solution §, = (Wjl (Wf3aé')_ (ngM Su+M z,u)) “ +hot.

1
If (Wfs) wyt (Wsley + ng) <0, it makes §, >0 be untenable.

)If w°>0, ueB  or W'°<0, ueB, the straight line Z and the curve
N cannot intersect in the half plane for s, >0, so Equation (3.2) has not any
positive solutions, that is, system (1.6) only has the transversal heteroclinic orbit
75(t) in the region I',UT;.

2) If w;'>0, ueB' or W, <0, peB;, the straight line L(t,,x) and
the curve N (S4 , ,u) intersect at one positive point, that is, (3.2) has one positive
solution.

Without loss of generality, we discuss the case W,° >0, e B’ There are

L(0,22) > N (0, 1), LL, (84, 22) < N, (84, 22), L(5,, 1) =N (5, ) = —W;°55; <0,

W, M,
(WM 2+ M)

When |Mi,u| = 0(|W§1M§',u+ M;,u|), 0<5S, «1. It is clear that (3.2) has a

unique solution s, satisfying 0<s, <§, <1. Putting it into the second equa-

where S, =

4
tion of (3.1), there is \/\/fé‘(Sf)i% +M1(MI§1M23/1+ M;,u)sf +W,M;u+hot.=0,
it defines a surface
2

Ml P _
L, (u) = ﬂi\/\ds5[w ETRETTYE yi/CvSlM yj i +W}1(Wfl)1W4Mi,u+W4Mj,u+h.o.t.=0 ,
2 4 4 2

with a normal surface %= span{Mj} at u=0 for MJu>0. That is to say,

system (1.6) has the only one heteroclinic orbit 7, (t) consisting of p, and
p; near I, UT, for pel,(u).

3)If W’>0, ueB’ or W)'<0, ueB’,thereare two special cases:

a) As ‘(W§1M§y+ M%y)‘s4 < max{sj‘,
fied to be

Mj,u|}, Equation (3.2) can be simpli-

WM u+wW25s7 +hot.=0. (3.3)
1
WM u | .
81 hot.. Substituting s, into the second
w's )
4

equation of (2.11), we get immediately a surface L} (x) tangentto Ly, (u),

It has a solution Sf* = [—
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ll
Miu 2 -
)= s | (o ) () i ot <0
4

for W,M;u>0. So system (1.6) has a heteroclinic orbit consisting of p, and
p, near I, UL, for ue L} (u). Next putting the expression of s; into the

1
verification condition, it is equivalently ‘(WSIM Ju+M2 ,u)‘ < |M : y|1 @,
b) As |Mi,u| < maX{Sf, (ngMS,LH- Mé,u)‘54} , Equation (3.2) is then
Wit (WM S+ M p)s, —w;ss; +hot.= 0, (3.4)

1

Wi (W M3 ML)
= . In the same
w,°o

there is a small positive solution s :[

way, we can get the surface Lj(x) which is tangent to L, with the condition

|M ilu| > ‘(Wg’lM S+ M éy)‘l% , where

3 12
HIE {,u : w}ﬁ(s(wjl (WM 3+ M;,u))lzz—/l% +(w§35)ﬁ w,Mu+hot. = 0}

So system (1.6) has a heteroclinic orbit consisting of p, and p, in the re-
gion I UL, for pell(u).
4) If W§3 >0, ueB, or \I\lff3 <0, peB’, without loss of generality, we
discuss the case W’ >0, peB.Thereare L(0,u4)<N(0,u),
LY (840 12)=NZ (84, 1) =W (@ —1) 58] * +hot.<0.
Set L(8,,4)—N (5, 1)=H;(u),where
1

§, = (Wfl (Wi’gaé‘)il (ngM Ju+M ;,u))E +h.ot. is the solution of

L., (54, 1) N, (s;,4)=0 and
1

1 -1 =
o) = (22 W) 1o () (2 )
+w,M;z+hot.

when Hj(u)>0, the straight line L(S,,4) intersects the curve N(s,, )
exactly at two points 0<S,; <§, <S, , which means Equation (3.2) has two
positive solutions. Therefore, system (1.6) has two heteroclinic orbits connecting
p, and p, near I',UT,.
When H; (u)=0, the equations L/ (s,,#)=N{, (s,, 1) and

L(SA,,U) =N (54,,11) have the solution §,, therefore the straight line L(S4,,u)
must be tangent to the curve N(s,, ) at the point §,. Putting it into the
second equation of (3.1) yields a surface Ly(x) with a normal surface

Z:span{Mf} at ¢ =0, where

A b
Ly (1) = {y : vvfé(vvil(wglng+ M;y))é—% +(Wi3a§)/122—2/1% w,MZu+hot.= o}
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for M]u>0. Then, system (1.6) has a 2-fold heteroclinic orbit connecting p,
and p, near I'UTl;.

When Hj(x)<0, the straight line L,(t,,#) does not intersect the curve
N, (t,, 1) in the half plane, then there is only the transversal heteroclnic orbit
7;(t) connecting p, and p, near I',UT;.

5)If ue {,u ‘Mju+hot.=M;u+hot. = O} , Equation (3.1) is

B
w2ss/ —wls, (W§1M23,u+ M%,u) =0
2 (3.5)

WSS +wits, (WM 3+ Miu) =0.

To solve the first equation of (3.5), there is
oo (WP —wi (WM Zse+ Mia) =0,

1
W2 (WM 3+ M) |

for
w's

we can get two solutions S, =0 and s =

Wflwf3<W§lM§u+ M;y)>0. However, if \/\Iflwf3<W§1M§u+ M;,u), the above
equation has only one zero solution. Equation (3.5) finally defines a surface

=
Ls (,u ) .
Putting the expression S, into the second equation of (3.5) obtains the set of

23

2
{y | ng(@%)ﬁ (Wj1 (WM 3w+ M;y))ﬂ

, that
Hoas ) p a

+m¢l(w§35)ﬁ (WM 2+ M2 )58 =0, (WEM 2+ M1g) %0

means the system of (6) coexists two types of heteroclinic orbit: a large-1 hete-
roclinc orbit connecting with p, and p,, a heteroclinic orbit composed of two
orbits which one orbit connects with p, and p, and the other orbit connects

with p, and p, intheregion T,UT; as weL;(u), where
[i(,u):{,u:Mi,u+h.0.t.:Mfu+h.o.t.:O,Wflwfs(wglM;u+Mé,u)>0}.

Remark 3.1. The analysis of the third and fourth equations of (20) is similar
to the above analysis process, so it will not be repeated here.

3.2. Bifurcation Conclusions

With the analysis above, we can get the following theorems about existence of
the second and the third shape heterodimensional cycle and the large-1 heteroc-
linic cycle under small perturbation.

Theorem 3.1. Under (H)-(H,) and Rank (Mll, M, My, Mf) >3, as well as
UE {,u ‘Mju+hot.=M;u+hot. = O} , there are the following conclusions:

1) If ye{y:w23 >0,ue B:} or ,ue{y:vvj3 <0,ue Bj}, the system (1.6)
exists the third shape heterodimensional cycle in the (l1-2)-dimensional sur-

face U, (u) with normal vector M;,M; at u=0, where
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L (u)= {,u: M;u+hot.=M;u+hot. = 0,wflwf3(W§1M23,u+ M%y) < 0}.

2) If u e{,u:vvf3 >0,ue B;}(ue {,u:vvi3 <Oue Bf}), the system (1.6) ex-
ists the third shape heterodimensional cycle near T as pe Ly and 0< | y| <1,

where

G = {:Mip+hot = MZu+hot. = 0,w;g® (We'M3u+ Mju) <0, H <0}.

3) If ,ue{,u:wf>0,,uer} or ,ue{,u:Wf<O,,ueB+‘}, there exists an

(I —l) -dimensional surface
I:{1 = {,u ‘M;u+hot.=M2u+hot.=0,w 'w? (ngMg,u+ M;,u) <0,
pely(u)|Mig]=o(|wg M3+ M§ﬂ|)}

with normal vector M3,M},M3 at p=0, which is tangent to the surface
L, ( ,u) at p=0, such that the system (1.6) has the second shape hetrodimen-
sional cyclenear T' as pe I:%1 and 0<|,u| 1.

4) If ,ue{,u:wj3 >0,ue B:} or ,ue{,uiwf3 <0,ue B__}, there exist two

(1-1) -dimensional surfaces

2 = {y IMiu+hot = MJu+hot.=0,w;"w;® (W' 1+ Mju) <0,
1;}

12 = {,u ‘Mju+hot.=Miu+hot.= O,lesz(W§1M§y+ M%y) <0,

1_1}
a

such that the system (1.6) has the second shape heterodimensional cycle near T’

pe (), |(wE M3+ Miu)| < [Miu

and

pe (), |(WE M3+ Mu )| > M

as pell, pell, respectively, and 0<|u|<1.

An alternative explanation for the existence of the second heterodimensional
cycle is as follows. If there is an orbit starting from the section S and arriving
at the section S: that passes through the sections S, and S; with finite time
without orienting to the saddle point p,, we denote it by ,(t,x). Similarly,
we can define y, (t, ,u) in this way. Set the time of the orbit y, (t, ,u) from S;
to SJ to be 7, and the time of 7, (t,u) from S; to S) to be 7,; and from
S to S; tobe T,, k=1,2,34, respectively. Moreover, system (1.6) still has
solutions (t,u), =14,

7i ()= (7 m);
Yi (—TJ—,,u)eS?,}/j (—TJ— +'I:j,,u)e S},
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”7/1 (_Tl +-|:1 +7, +T~3,,u)—}/; (Ts,,u)“ <1,
”74 (_T4 _1:4 +7, —fz,ﬂ)—n’ (TZI/U)“ <1,

Theorem 3.2. Suppose that (H,)-(H,) hold and Rank
Rank ( MM MM f) =4 thereisan (|-4)-dimensional surface

L, = {,u ‘M u+hot.=M]u+hot.=Mju+hot.= Mf,u+h.0.t.}

with a normal plane ¥, = span{Mll, ME M}, Mf} , such that system (1.6) has a
unique double heteroclinic loop (“”) in the tubular neighborhood of T as
Hel,,, O<|y|£l.

Proof. As we explained above, s, =0 in Equation (2.11) means the flying
time of an orbit starting from Sl1 to 830 is infinite, that is, the orbit must go
into the equilibrium p, and then leave, which corresponds to a heteroclinic
orbit; and for s, =0, it is similar. Hence, set s, =S, =0 in Equation (2.11), we

have
Mlly+h.0.t. =0,
Mf,u +h.ot.=0,
M;u+hot. =0,
MZu+hot.=0.

If Rank(Mll, M.}, My, Mf) =4, there is a codimension-4 surface with a normal
plane spanned by M;, M} M;, M} as below

Ly, (u)= {,u: M/u+hot.=Mu+hot.=M,u+hot.= Mf,u+h.0.t.:0}.

when pely,, system (1.6) has four heteroclinic orbits connecting the equili-

«

briums p,, i=12,3, and they form an “co”-type double heterodimensional
cycle, or it says that the original heterodimensional cycle is preserved. U

Corresponding, some new orbits y, (t, ) (resp. 7 (t,x)) (k=12,34)
appear from unstable (resp. stable) manifold of the equilibrium p;(i=12,3)

of system (1.6) with the following properties,

s = f (e om);

7 (L) eW! (p), 7 (tu)eW; (p,),

72 (tu) W' (), 7z (tu) €Wy (),

v () eW; (py), 75 (te) €W (ps),

va (tu)eWs' (ps), 7, (tu) eWs (p,),

7 (60) =7 (1),

7k+(_TkHu)€Sl?’

Ve (—Tk +'|:k ,,u),yk' (Tk ,y) e Si, (3.7)

75 (T + T ) =7z (T )| = 0(k =1,4)

where W, (p,) and W,'(p;) are the stable and unstable manifolds of the
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equilibrium p;, because the original heteroclinic trajectory y,(t) is obtained
as a transversal intersection of 2-dimensional manifolds, which is a structurally
stable situation. After a small perturbation, such an intersection is preserved.
That is, the gap “;/3* (—T3 +'I:3,,u)—;/3" (T3,,u)“ =0. As well as, if the gap
“7: (—Tk +T~k,,u)—7k’ (T, ,u)H =0 (k =1,2,4) in S, it means that the original
double heterodimensional cycles are kept (see Figure 3).

Where y; (t,u) (k=2,4),and y; (t, ) still meet Equation (3.1). Clearly
system (1.6) has the second shape heterodimensional cycle, if the gaps
”7’1 (_Tl +T,+7, +'l:3,/u)—y; (T3,,u)” =0, ”7; (-Tou)=7; (Tz +'|:2,,u)“ =0 (see
Figure 4).

Remark 3.2. The second heterodimensional cycle consists of two saddles of
(1.2) type and one saddle of (2.1) type and is composed of one big orbit linking
p., P, and two orbits linking p,, p, and p,,p, respectively (seeFigure 3).

Remark 3.3. As for the other theorem of the similar second shape heterdi-
mensional cycle which consists of two saddles of (1.2) type and one saddle of
(2.1) type and is composed of one big orbit linking p,, p; and two orbits link-
ing p,,p, and p,, P, respectively is analogous to theorem 3.1, so it will not
be repeated here.

Theorem 3.3. Suppose (Hy)-(H,) are valid and Rank(Mll, M3 M;, Mf) >3,

there are the following conclusions.

oxosy S .U
yi(t,@ ﬂ %@
/‘

—
s . A EA0)
s
<
\

Figure 3. The gap 7;(—Tk +'|:k,,u)—yk’ (Tk,y)H =0(k=12,4) in the figure, the original

double heterodimensional cycles exists.

s? A0y
q&lg |

71(_T1+-|:1+T2 +f3vﬂ)_7;(_T31ﬂ)“ =0,

Figure 4. The gap

Hyz’ (-T pt)=7, (Tz+'I:2, ,u)H:O in the figure, there is the second heterodimensional

cycle.
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1) If ,ue{,u:vvl33 >O,W23 >0,ueBf ue Nf} or
HE {,u WP <0,wW° <0,ueB,ue N;} , there exists an (l —2) -dimensional
surface
H3a () = {25 M s = o (W M3+ M3ad ) M1 = o [we?M3 -+ M),
pe b ()N (1), B ()L () 2 2]
with normal vector M;,M; at u=0, which is tangent to the surface L,, (u),
then the system (1.6) has a 1-fold large-1 heteroclinic cycle near T' as
peHy, (1) and 0<|u|<1, where
3

VE g -
L (u)= y:WFE[ e Ul j Cow (w) "WMig+wM2u+hot. =0

WM M
2) If ye{yiwf3>0,wi3>0,yeB_+,ye Nf} or
,ue{,u:wf'B <0,W' <0,ueB,ue N;}, there exists two (| —2)-dimensional

surface

a
l

a

1,u|<<‘ Maﬂ"'Msﬂ)

Ha (1) ={ui|Miu| <|(wgmip+ M) @,

e ()N (1), 5 ()N Li(ﬂ)¢®}
and

1
- 1
a
< |M1,u|,

HZ, (1) { \ (W'MFu+Mu) a<<|M4uH M3+ Mju)

ﬂeLi(u)mi(u),@(u)mLi(u)w}

both with normal vector M ,M; at u=0, which both are tangent to the sur-
face Ly, (1), then the system (1.6) has a 1-fold large-1 heteroclinic cycle near
U as pueH (1), peHy, (), respectively, and 0<|u| <1, where

11

My 2 ;
L (u)= y:vvl“(—w\tv%;ﬂJ i (w§2M33,u+ Méy)+vv113(wf3) 1WlMlly—Wlequh.o.t.z0
1

and
g 4
HOE y:\NF&(vvil(vvgzngJr Mgﬂ))zg_z% —(w®5)#-4 WM u+hot.=0¢.

3) If ,ue{,u:wfg >0,ueB W >0,ue N;}, and H}>0,H; >0, the sys-
tem (1.6) has two 1-fold large-1 heteroclinic cycles near T, where
1

H; (1) = wi (W 3,u+M3,u)(1——j(W“( wWsa) (W M3y+|\/|3ﬂ)) =

+W,M,u+hot..
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Figure 5. The gap ||;/1(le +T,+7, +'I:3,/1) -7 (Ts,y)" =0,
"}/4 (—T4 +'I:4 +7, +'|:2, y) -7 (Tz, y)" =0 in the figure, there is the large 1-heteroclinic

cycle.

4) If W° >0,w;° >0, e B’ ue N, there exists a (1-2)-dimensional sur-
face Hj, with normal vector M, M}, which is tangent to the surface L, (1)
at =0, where

Hy, () ={p:H; =0,H; =0, ue LN, L NLG =B,

then the system (1.6) has one 2-fold large-1 heteroclinic cycles near T for
wueH,,, where

23 23

L (u)= ,u:\/\/1135<\/\11“(W332M33y+M§,u))4@2*)~% +(Wf3a5)ﬂW1Mf,u+h.0.t.:0 .

For the alternative explanation from the gaps for the existence of the large-1
heteroclinic cycle is the following. If y, (t, u)(k=14), and y, (t,u)(k =2,3)
still meet Equation (3.2) and (3.1). Clearly system (1.6) has a large
1-heteroclinic cycle composed of two big orbits linking p,,p, and p,,p,
of (1.2) type respectively, if the gaps “;/1 (—T1 +T, +7, +'|:3,u)—)/3’ (T3,y)“ =0,
Hn (—T4 -T,+7, —'I:Z,,u)—yz’ (T, y)” =0 (see Figure 5).
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